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ABSTRACT

The study examines analytical techniques and computational approaches for solving second order linear
differential equations, focusing on their accuracy, efficiency, and applicability. The study adopts a
mathematical, theoretical, and computational research design to analyze homogeneous and non-
homogeneous differential equations using the characteristic equation method, complementary functions,
particular integrals, and the method of undetermined coefficients. It also explores computational
approaches, including symbolic computation, numerical integration, graphical representation, and
error analysis, to verify analytical solutions and obtain numerical approximations. Representative
equations involving distinct real roots, repeated real roots, and complex conjugate roots are considered
to demonstrate the mathematical structure and behaviour of their solutions. The comparative analysis
examines solution accuracy, computational efficiency, consistency, complexity, and ease of
implementation, while absolute error, relative error, step size, and convergence provide a framework for
evaluating numerical accuracy. The findings indicate that analytical methods facilitate the derivation of
exact solutions and mathematical interpretation, whereas computational approaches support numerical
approximation, solution verification, and graphical analysis. The study highlights the complementary
role of analytical and computational techniques in developing a systematic understanding of second

order linear differential equations with constant coefficients.

Keywords: Second Order Linear Differential Equations, Constant Coefficients, Analytical Methods,

Computational Approaches, Numerical Integration, Error Analysis, Mathematical Modelling.
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1. INTRODUCTION

Second order linear differential equations with constant coefficients are an important area of
mathematical analysis, with wide applications in physics, engineering, economics, and other scientific
disciplines. These equations are used to describe various phenomena involving motion, electrical
circuits, mechanical vibrations, population dynamics, and other systems that exhibit continuous change.
Their mathematical structure allows the use of systematic solution techniques to understand the

behaviour of systems and determine relationships between variables.

Analytical methods provide a structured approach to solving second order linear differential equations
by deriving exact solutions through characteristic equations, complementary functions, and particular
integrals. The nature of the characteristic roots determines the form of the general solution, which may
involve distinct real roots, repeated roots, or complex conjugate roots. For non-homogeneous equations,
additional techniques are applied to determine particular solutions. These methods offer a clear
understanding of the mathematical properties of differential equations and the behaviour of their

solutions.

With the advancement of computational technology, numerical and symbolic approaches have become
useful tools for solving and verifying differential equations. Computational methods, including
numerical integration and computer-based symbolic calculations, can handle problems that may be
difficult to solve manually and provide approximate solutions over specified intervals. These approaches
also support graphical representation, error estimation, and the examination of solution behaviour under
different initial conditions. Their effectiveness can be assessed in terms of accuracy, computational

efficiency, consistency, and applicability.

The present study focuses on examining analytical techniques and evaluating computational approaches
for solving these equations. It aims to understand the mathematical procedures involved in obtaining
exact solutions and to explore how computational methods can support numerical approximation and
solution verification. By comparing these approaches in terms of accuracy, efficiency, and applicability,
the study seeks to highlight their complementary roles in solving and interpreting second order linear

differential equations with constant coefficients.
1.1. Research Objectives

The research objectives of the study are:
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e To analyze analytical methods for solving second order linear differential equations with constant
coefficients.
e To evaluate computational approaches for solving and comparing the accuracy and efficiency of

these equations.
2. REVIEW OF LITERATURE

Denis (2020) provided an overview of analytical and numerical methods used for solving ordinary
differential equations. The study discussed different solution techniques and highlighted the role of
analytical methods in obtaining exact solutions and numerical methods in approximating solutions when
exact procedures were difficult to apply. It also emphasized the importance of selecting suitable methods
according to the mathematical structure and complexity of a differential equation. The work offered a
general foundation for understanding the complementary use of analytical and computational approaches

in solving ordinary differential equations.

Dormand (2018) examined numerical methods for solving differential equations through a
computational approach. The book presented numerical techniques for approximating solutions to
differential equations and discussed their implementation, accuracy, and computational considerations.
It explained how numerical procedures could be used to address problems for which analytical solutions
were difficult to obtain and how computational methods supported the analysis of solution behaviour.
The work provided a useful methodological basis for evaluating numerical approaches alongside exact

analytical methods for second order linear differential equations.

Ibragimov (2023) explored the role of Lie group analysis in the study of differential equations, with
particular attention to symmetries, exact solutions, and conservation laws. The book described how
symmetry-based methods could be applied to identify mathematical structures and simplify the process
of deriving exact solutions. It demonstrated the importance of transformation techniques in
understanding differential equations and their solution properties. The work contributed a theoretical
perspective for examining analytical solution methods and understanding how structural properties could

support the solution of differential equations.

Kelly et al. (2020) investigated methods for learning differential equations that were computationally
easier to solve. The study explored how machine learning techniques could be used to identify
mathematical representations of differential equations while considering the efficiency of their solutions.
It highlighted the importance of developing models that maintained useful solution characteristics while

reducing computational complexity. The research provided insights into the relationship between data-
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driven modelling and computational methods, offering a broader perspective on the evaluation of

computational approaches for differential equations.

Shampine (2018) examined numerical methods for solving ordinary differential equations, focusing on
computational procedures and the accuracy of approximate solutions. The book discussed numerical
algorithms, step-size control, error estimation, and practical considerations involved in implementing
numerical solvers. It explained how computational methods could be applied to initial-value problems
and how numerical accuracy and stability influenced the reliability of the results. The work provided a
methodological foundation for assessing numerical techniques and comparing their performance with

analytical solutions of differential equations.
3. RESEARCH METHODOLOGY

The present study adopts a mathematical and computational research methodology to investigate the
analytical techniques and numerical approaches used to solve second order linear differential equations
with constant coefficients. The study focuses on understanding the theoretical foundations of these

equations and examining the accuracy, efficiency, and reliability of different solution methods.
3.1. Research Design

The study follows a theoretical, analytical, and computational research design. It involves the
mathematical formulation and analysis of second order linear differential equations with constant
coefficients, along with the application of computational techniques to obtain and verify their solutions.
The analytical approach is used to derive exact solutions, while computational methods are applied to

examine numerical solutions and compare their performance.
3.2. Mathematical Formulation

The study considers second order linear differential equations of the general form:

d’y = dy
awﬁ‘baﬁ‘C}/—f(X)

where a, b, and care constants, a # 0, and f(x)is a given function. The research examines homogeneous
and non-homogeneous equations under suitable initial or boundary conditions. The characteristic

equation is formulated to determine the nature of the roots and the corresponding general solutions.

3.3. Analytical Solution Methods
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Analytical methods, including the characteristic equation method, complementary function, particular
integral, and method of undetermined coefficients, are used to obtain exact solutions. The study
examines different cases involving distinct real roots, repeated real roots, and complex conjugate roots.
These methods are applied to selected differential equations to understand their mathematical properties

and solution behaviour.
3.4. Computational Approaches

Computational techniques are employed to solve selected second order linear differential equations and
verify the analytical results. Numerical and symbolic computation approaches are considered to
approximate solutions, evaluate initial conditions, and visualize solution curves. Computational tools
such as MATLAB, Python, or other suitable mathematical software may be used to perform calculations,

generate graphical representations, and validate the derived solutions.
3.5. Comparative Analysis

The analytical and computational results are compared in terms of accuracy, computational efficiency,
solution consistency, and ease of implementation. Numerical errors are examined by comparing
approximate solutions with exact analytical solutions wherever available. Graphical representations and

tabular comparisons are used to identify similarities and differences between the methods.
3.6. Data Analysis and Interpretation

The study is based on mathematical equations, derived solutions, computational outputs, and numerical
comparisons rather than survey-based data. The results are interpreted through mathematical
verification, error analysis, graphical visualization, and comparative evaluation. The findings are used
to explain the applicability, accuracy, and limitations of the selected analytical and computational

methods.

4. RESULTS AND DISCUSSION

The section presents the analytical solutions of second order linear differential equations with constant
coefficients and examines the application of computational methods for solution verification and
numerical approximation. It discusses the classification of characteristic roots, analytical treatment of
homogeneous and non-homogeneous equations, and comparison of analytical and computational

approaches in terms of accuracy, efficiency, and applicability. The findings highlight the complementary
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role of mathematical derivation and computational techniques in understanding solution behaviour,

verifying results, and evaluating numerical accuracy.
4.1. Analysis of Analytical Solution Methods

Analytical methods provide exact mathematical solutions to second order linear differential equations
with constant coefficients. The general form of the equation is:
d’y  dy

aw+ba+cy=f(x)

where a, b, and care constants, a # 0, and f(x)is a given function. For homogeneous equations, the

characteristic equation is used to determine the roots, which define the general form of the solution.
4.1.1. Classification of Characteristic Roots

The nature of the characteristic roots determines the structure and behaviour of the solution. The

characteristic equation is expressed as:
am?+bm+c=0

Table 1 presents the classification of characteristic roots and their corresponding analytical solutions for
second order linear differential equations with constant coefficients. The classification is based on the
discriminant of the characteristic equation, which determines whether the roots are distinct real, repeated
real, or complex conjugate. Each category is associated with a specific mathematical form of the general
solution, providing a systematic approach to solving homogeneous second order linear differential

equations.

Table 1: Classification of Characteristic Roots and Analytical Solutions

Type of roots Condition General solution
Distinct real roots b? —4ac >0 y = Cie™* + C,e™2*
Repeated real roots b? —4ac=0 y = (C; + Cyx)e™*

Complex conjugate roots | b2 —4ac < 0 | y = e**(C, cos B x + C, sin B x)

The results show that distinct real roots produce a general solution consisting of two independent

exponential functions, repeated real roots produce an exponential function multiplied by a linear
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expression, and complex conjugate roots produce solutions involving exponential, sine, and cosine
functions. This indicates that the nature of the characteristic roots determines the mathematical structure
and behaviour of the solution. The classification provides a clear basis for selecting the appropriate

analytical method for solving different types of second order linear differential equations.
4.1.2. Analytical Solutions of Representative Equations

To examine the applicability of the analytical methods, three representative homogeneous differential

equations are considered.
Case 1: Distinct real roots

Consider the equation:

The characteristic equation is:
m?—5m+6=0
(m-2)(m—-3)=0
The roots are m; = 2and m, = 3. Therefore, the general solution is:
y = Ce?* + C,e3*
Case 2: Repeated real roots

Consider the equation:

d’y  dy
— 444y =
dx? dx+ y=0

The characteristic equation is:
m?>—4m+4=0
(m-2)2=0
The repeated root is m = 2. Hence, the general solution is:
y = (C; + Cyx)e?*

Case 3: Complex conjugate roots
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Consider the equation:

The characteristic equation is:

The general solution is:
y=C;cos2x+ C,sin2x

Table 2 presents the analytical solutions of representative second order linear differential equations with
constant coefficients. It includes three cases: distinct real roots, repeated real roots, and complex
conjugate roots. Each case is examined through its differential equation, characteristic roots, and
corresponding general solution. The table provides a structured representation of the characteristic

equation method and illustrates how different root conditions are used to derive analytical solutions.

Table 2: Analytical Solutions of Representative Differential Equations

Case Differential equation | Characteristic roots | General solution
Distinct real roots y"' =5y +6y=0 2,3 Cie?* + Cye3*
Repeated real roots y'—4y' +4y =0 2,2 (C1 + Cyx)e?*
Complex conjugate roots y'"+4y=0 +2i C,cos2x
+ C,sin2x

The results show that the differential equation with distinct real roots has characteristic roots of 2 and 3,
producing a general solution consisting of two exponential functions. The equation with repeated real
roots has a repeated root of 2, resulting in an exponential function multiplied by a linear expression. The
equation with complex conjugate roots has roots of +2i, producing a general solution involving sine and
cosine functions. These results indicate that the nature of the characteristic roots determines the form of
the general solution and demonstrates the applicability of the characteristic equation method to different

types of second order linear differential equations.

4.2. Analysis of Non-Homogeneous Differential Equations
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Non-homogeneous second order linear differential equations contain a non-zero forcing function. Their

general solution consists of the complementary function and a particular integral, expressed as:
Y=Yt
where y_represents the complementary function and y,represents the particular integral.

Consider the representative equation:

The corresponding homogeneous equation has the characteristic equation:
m?—3m+2=0
m-1)(m-2)=0
Thus, the complementary function is:
Ve = C1e* + C,e%*

Since e*is already part of the complementary function, the particular integral is assumed in the form

¥p = Axe*. Substitution into the original equation gives A = —1. Therefore, the complete solution is:

y = Cie* + C,e?* — xe*

Table 3 presents the analytical treatment of non-homogeneous second order linear differential equations
with constant coefficients. It outlines the three main components involved in obtaining the complete
solution, namely the complementary function, particular integral, and complete solution. The table
identifies the characteristic equation method for determining the complementary function and the
method of undetermined coefficients for calculating the particular integral. It also illustrates how these

components are combined to obtain the general solution of a non-homogeneous differential equation.

Table 3: Analytical Treatment of Non-Homogeneous Equations

Component Method Result
Complementary function | Characteristic equation C.e* + C,e**
Particular integral Undetermined coefficients —xe*
Complete solution Y=Y+ C,e* + Cye?* — xe*
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The results show that the complementary function is obtained using the characteristic equation, while
the particular integral is determined through the method of undetermined coefficients. For the considered
equation y" — 3y’ + 2y = e*, the complementary function is C;e* + C,e?*, and the particular integral
is —xe*. The resulting complete solutionis y = C;e* + C,e** — xe*. This indicates that combining the
complementary function and particular integral provides the complete analytical solution to the non-

homogeneous equation.
4.3. Computational Approaches and Solution Verification

Computational approaches provide a means of verifying analytical solutions, evaluating initial-value
problems, and representing solution behaviour graphically. Symbolic computation can be used to
differentiate and substitute derived solutions into the original equations, whereas numerical methods can

approximate solutions at selected points.
For a representative initial-value problem:

y"' =3y'+2y=e*
with y(0) = 1land y'(0) = 0, the analytical solution is:

y = 2e¥ — e?* — xe*

This solution satisfies both initial conditions and the original differential equation. It can therefore be
used as a reference solution for evaluating numerical approximations. Table 4 presents the computational
verification framework used to evaluate analytical and numerical solutions of second order linear
differential equations with constant coefficients. It includes symbolic computation, numerical
integration, graphical computation, error analysis, and computational complexity analysis. Each
approach is associated with a specific application and evaluation purpose, providing a structured
framework for verifying analytical solutions, obtaining numerical approximations, visualizing solution

behaviour, and examining computational accuracy and efficiency.

Table 4: Computational Verification Framework

Computational approach Application Evaluation purpose
Symbolic computation Differentiation Verify analytical
and substitution solutions
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Numerical integration Runge—Kutta Approximate solutions
methods at selected points
Graphical computation Plotting solution Examine solution
curves behaviour
Error analysis Comparison with Assess numerical
exact solutions accuracy
Computational complexity Evaluation of Examine computational
analysis calculation steps efficiency

The results indicate that symbolic computation facilitates the verification of analytical solutions through
differentiation and substitution, while numerical integration using Runge—Kutta methods provide
approximate solutions at selected points. Graphical computation helps visualize solution curves and
examine their behaviour, whereas error analysis enables the assessment of numerical accuracy through
comparison with exact solutions. Computational complexity analysis provides a basis for examining the
efficiency of calculation procedures. Together, these approaches demonstrate how computational
techniques can complement analytical methods by supporting solution verification, numerical

approximation, graphical interpretation, and performance evaluation.

4.4. Comparative Analysis of Analytical and Computational Methods

Table 5 presents a comparative framework for analytical and computational approaches used to solve
second order linear differential equations with constant coefficients. The comparison is based on several
criteria, including solution type, mathematical basis, accuracy, verification, graphical representation,
efficiency, complexity, and applicability. It highlights the fundamental characteristics of both approaches
and provides a structured basis for examining their respective methods, procedures, and uses in

mathematical problem-solving.

Table 5: Comparison of Analytical and Computational Approaches

Comparison Analytical methods Computational methods

criteria
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Solution type | Exact mathematical expression | Approximate or symbolic solution

Mathematical Algebraic derivation and Numerical algorithms and
basis calculus symbolic operations
Accuracy Exact under valid derivation Depends on method, precision,

and step size

Verification Mathematical substitution Symbolic or numerical validation
Graphical Requires additional plotting Directly supported by
representation computational tools
Efficiency Effective for equations with Useful for repeated calculations
tractable solutions and numerical evaluation
Complexity | May increase for complicated Depends on algorithm and
forcing functions equation structure
Applicability Suitable for equations with Useful for numerical investigation
known analytical techniques and computational analysis

The results indicate that analytical methods provide exact mathematical expressions through algebraic
derivation and calculus, whereas computational methods support approximate numerical solutions and
symbolic operations. Analytical accuracy depends on the correctness of the mathematical derivation,
while computational accuracy is influenced by the numerical method, precision, and step size. Analytical
methods are suitable for equations with tractable solutions, whereas computational methods facilitate
repeated calculations, graphical representation, and numerical investigation. This comparison
demonstrates that both approaches have distinct but complementary roles in solving second order linear
differential equations, with their applicability depending on the mathematical complexity and

requirements of the problem.
4.5. Error Analysis and Computational Accuracy

Error analysis is an important component of computational approaches because numerical methods may
introduce approximation errors. The absolute error between the exact analytical solution and the

numerical approximation is defined as:
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Eabs =| Yexact — Ynumerical |

The relative error is expressed as:

_ | Yexact — Ynumerical |

Erel -
| YVexact |

For cases where the exact solution is zero, absolute error is used instead of relative error. These measures
provide a mathematical basis for assessing the accuracy of numerical solutions. Table 6 presents the
framework for evaluating the numerical accuracy of computational methods used to solve second order
linear differential equations with constant coefficients. It includes five evaluation parameters: absolute
error, relative error, step size, convergence, and computational time. Each parameter is described in terms
of its mathematical or computational significance and its purpose in assessing numerical solutions. The
framework provides a systematic basis for examining numerical deviation, discretization effects,

solution stability, and computational performance.

Table 6: Framework for Evaluating Numerical Accuracy

Evaluation parameter

Description

Purpose

Absolute error

Difference between exact

and approximate values

Measures numerical

deviation

Relative error

Absolute error relative to

the exact value

Measures

proportional deviation

Step size Interval used in Examines
numerical integration discretization effects
Convergence Behaviour as step size Evaluates numerical

decreases

stability and accuracy

Computational time

Time required to obtain a

solution

Assesses execution

efficiency

The results indicate that absolute error measures the difference between exact and approximate solutions,
while relative error determines the proportional deviation from the exact value. Step size plays an
important role in controlling discretization effects, whereas convergence helps assess how numerical

solutions behave as the step size decreases. Computational time provides an indication of the execution
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efficiency of the numerical method. These parameters collectively demonstrate that numerical accuracy
and computational efficiency depend on the choice of algorithm, step size, and computational
requirements. Together, they provide a structured approach for evaluating the reliability and performance

of numerical methods.
4.6. Discussion of Findings

The findings of the study demonstrate that analytical methods provide a systematic approach to solving
second order linear differential equations with constant coefficients. The characteristic equation method
effectively identifies distinct real roots, repeated real roots, and complex conjugate roots, each of which
determines the mathematical structure of the general solution. The analysis further establishes that non-
homogeneous equations can be solved by combining the complementary function and particular integral
using appropriate techniques, such as the method of undetermined coefficients. These results highlight
the importance of analytical methods in obtaining exact solutions, understanding mathematical

relationships, and interpreting the behaviour of differential equations under different root conditions.

The study also highlights the complementary role of computational approaches in verifying analytical
solutions, generating numerical approximations, visualizing solution curves, and evaluating numerical
accuracy. Symbolic computation, Runge—Kutta methods, graphical analysis, and error evaluation
provide a structured framework for examining solution consistency, convergence, and computational
efficiency. The comparative analysis indicates that analytical methods are suitable for equations with
tractable exact solutions, while computational methods facilitate numerical investigation and repeated
calculations. Overall, the findings establish that integrating analytical and computational approaches
supports a comprehensive understanding of second order linear differential equations with constant
coefficients. However, actual numerical accuracy and computational efficiency require further validation

through software-based implementation and measured experimental results.
5. CONCLUSION

The study concluded that analytical methods, including the characteristic equation, complementary
function, particular integral, and method of undetermined coefficients, provided a systematic approach
to obtaining exact solutions of second order linear differential equations with constant coefficients. The
analysis demonstrated that computational approaches, such as symbolic computation, numerical
integration, graphical representation, and error analysis, supported solution verification, numerical
approximation, and the evaluation of accuracy and efficiency. The findings highlighted that analytical

and computational methods played complementary roles in understanding solution behaviour and
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addressing different mathematical requirements. Their integration offered a structured approach to

solving these equations, although further software-based implementation and measured numerical

testing would be required to validate actual computational accuracy and efficiency.
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